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Abstract

Background: This paper provides an advance numerical algorithm to solve both ordinary and partial differential
equations of surface water quality models. It uses finite difference methods and structures explicit or implicit or
other process forms to solve the water quality model. This study also considers the stability of solutions to obtain
more accurate results among those numerical algorithms.

Results: Water quality modeling commonly manifests itself in ordinary and partial differential equations in a realistic
world. This study has applied numerical solutions to simulate the changing process of water quality in one and two

dimensional spaces or in multiple dimensional spaces. The solutions of these analytical methods are provided in
this paper to attest the justifiability of these numerical methods. It demonstrates that the 2-dimensional
Barakat-Clark numerical method can be a highly efficient tool in obtaining approximate results of ordinary and
partial differential equations, which may prove difficult in finding the accurate solution by using conventional
methods. At the same time, the stability analysis corroborated the convergence of those numerical solutions.

Conclusions: This study is the first attempt to compare the multiple numerical methods with the 2-D Barakat-Clark
method in the water quality modeling process. The results clearly suggest that the Barakat-Clark method is better in
reflecting the accuracy of the water quality modeling with stability for hydrological systems.
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Background

In the past few decades, the applications of surface water
quality models have been intensely studied as population
growth and economic development makes more increases
pollution in water resources, particularly in the surface
hydrological system. Streeter and Phelps have been pro-
gressed the water quality models in 1925. Since then, many
scientists (Kellogg 1964; Shampine et al. 1979; Stasa 1985;
Christie 1987; Hoffman 1992; Rudi et al. 1997; Cash 2003;
Shawgfeh 2004; Walter 2006) have carried out rigorous re-
search in this area. Many water quality models, for example,
the BOD model, are formed generally by ordinary or partial
differential equations (Davis 1962; Na 1979; Taylor 1982;
Evans 1985; Noye Noye 1992; Richard 1997; Moiianty 2004;
Liu et al. 2005; Munavalli 2004; Timo et al. 2013). For
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solving those equations, the traditional methods are using
the finite difference method and the finite element method.

In this paper, the application of an explicit and an impli-
cit method to solve the water quality equation includes
and tests the first order ordinary differential equation, the
second order ordinary differential equation and the sec-
ond order partial differential equation. To illustrate the
reasonability of these solutions, the stability of diffusion
equations are also provided in this article. The analytic
solutions obtained from these diffusion equations are
also compared with other numerical methods. The results
suggest that the numerical method can be as good to reflect
the accurate solution of water quality diffusion equation in
the real world condition.

Methods

Fundamental background of water quality modelling

The transference, diffusion, and degradation mathematical
equations of pollutants in the hydrological systems are
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three-dimensional in form. Therefore, according to the
mass balance equation, the initial water quality transfer
equation is as follows:

aC aC d aC

i Viee =3 (o) 3

at+zl,: e Z.:axi(””axi) Xk: k
(1a)

where
X; = the three axial X;, Xy, Xg;
V; = the velocity of three axial Vi, V,, V3;
Sk = the source and sink of contaminants;
C = the concentrate of contaminants;
t = time;

The C, V; and er; are the function of X;. In the left side
of the equation (1la), the first item indicates the change
rate of concentration of contaminants. The second item
on the left side shows the transfer rate of contaminants
along the stream axial. The first item, in the right hand
side of the equation, presents the dispersion of pollutants
along a different axial. There, we are assuming that there
is no molecular diffusion and turbulent diffusion of pollut-
ants. The second item in left side indicates the sources of
contaminants. The symbol +/- states the contaminants
increase or decrease in the hydrological systems. In (1a) is
a three-dimensional variable coefficient of the second-order
Partial Differential Equation (PDE). The parameters of mod-
eling require much information; especially the variable S on
the right side of equation, will cause a serious complication
in the solution process. It is difficult to get the analytic a so-
lution. Therefore, people usually simplified this modeling
process then used the numerical method to generate the
approximate solutions. This paper targets several simplified
water quality models and uses finite difference method and
structures simulate process forms to solve the problem. It
also considers the stability of the solutions to obtain more
accurate results among those numerical algorithms.

Numerical methods for water quality modeling
Application of least squares method

If the velocity of the stream is very high, the variable of
dispersion will be extremely low, so it can be ignored.
Thus, the water shift modeling is presented as follows:

Vd—C:kC

e (2a)

The equation (2a) is a first order ordinary differential
equation. The analytic solution of it can be obtained as follow:

(3a)

Some of the parameters in (3a) can be solved by multiple
linear regression method. Concurrently it can use the least

C = Cpet™
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squares method to establish the error function. To consider
the amount of biochemical oxygen demand (BOD) and
disintegration, we use L to indicate BOD, and K; present
disintegration coefficient of BOD. Then, equation (2a)
can is presented as:

dL

- =KL

o7 (4a)

The solution of the above equation is L(t) = LoeX1t.
Therefore the oxygen consumption is y(¢) = Lo-L(t) = Ly
(1-ek1%). By using experimental data, applying the least
squares method estimates the initial value of Ly and K;.
There let Ky = K ' ¢ + h then,

y(t) = Lo [l—e_(K'ﬁh)t} = Lo(1-eK1te) (50)

let y(t) = afs + bfy, and a = Lo, b = Loh,f, = 1-e™ X1t f, =
te”X"1t, According to the least squares method to minimize

2 2
> O O] =D a1+ b2 (O] then
wle can conclusion thosel coefficient a and b. The a and
b can be indicated as following,

L2 f0O-) ) o)
Y A(EnYn)
y_ 2SSO fif2) f®)
SAY A (EAYs)
(6a)
The L, and step-size /1 can be obtained by the value of a

and . If the / in the equation is larger than 0.001, the re-
sult are not stability. Otherwise, the solution is reliable.

Application of explicit and implicit methods
One-dimensional water quality modeling When the
geometry of stream varies greatly, for example the river
is very long but it is very shallow; the one-dimensional
water quality modeling can be expressed as follows:

?’C _ oC

E—-V—=+4+kC
oX?% = oX +

ke

=3 (7a)

Obviously, the function (8a) is a one-dimensional second-
order Partial Differential Equation (PDE). It is solved by
explicit and implicit methods as following.

Solution of explicit and implicit methods The equation
(8a) can be represented by finite difference. Those equa-
tions are expressed as follows:

C_claciec

x> AX2 (82)
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oc CiHi_c!
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then the explicit method can solve them as follows,

At At At
I+1 1 1
ciHl = (E—Z +Voix )C,._1 + <kAt—2}5—2 + 1) C;

At At
(E AX> _V2AX> Cin

(%)
the solution of implicit methods can be shown as:
At At At
E—+V_——|CH' + (2E— + 1-kAt | CI™!
( AT ZAX) a (P aet !

At ! !
_<EAX2 2AX> Czi} - C

(10a)

Stability Analysis of explicit and implicit methods
In this section the stability of the equations, (10a) and (11a),
are examined. The stability of those methods are tested by

using the method of the Fourier stability analysis also known

1116

as the von Neumann stability analysis. Let Cl =uée”, and

then the equation (10a) can be written as:

l+1 110 At At

<E— + Vm Mlei(j_l)e

AX?
At ;
+ (kAt—zlsM2 + 1) ule?

At At (i
+ (E——V—> uleli+1)9 (11a)

AX?  2AX

The amplification factor A equal to:
At
+V —) (cos O-isin 0)

. At
o AX2 2AX

kAt—2E 1
< AX*)

At At
+ < NG Vm> (cos @ + isin 0)

At At
= —ZEW(I—COS 6)—V§isin9 + kAt +1

(12a)
subject to

N> = |kAt + 1-2E— Al 5 (1-cos 6) 2+ Vﬁ sin 0 ’
AX? AX

(13a)
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Let s=1-cos 6, s€[0,2] then the equation (13b) can
be re-written as:

At?

At
F(s) = 4E* — e —2E— (kAt + 1)s + K2A

At2

Therefore (14a)
A? At
F'(s) = 8E2ms ZEAX (kAt +1) (15a)
At?
F'(s) = 8152§>0 (16a)

A2
KEAL2-2kAt + V? N sin? <0

Fr(s)20 A2 At
F(s)<0e=q F(0)<0 e 16E2— ~4E— (kAt + 1) + K*At?
F(2)<0 AX? T AX

At 2
+ 2kAt + V?— e sin® 6<0

(17a)

The solution of the explicit is unstable.

On the other hand, the implicit equation (11a) is
also tested using the this Fourier analysis as follows.
Let C; = u'e’?, the equation can be re-written as:

At At N\ 1 ige At 141 56
(EW+ Vm)u+ U8 4 2B+ 1-kAE Jul Tl

At 1
E -V +1 ,i(j+1)6
( AX? ZAX) ¢

the amplification factor X is equal to:

_ Ml el]ﬂ

At At ..
1/[ (E—Jr Vm) (cos 6—isin 6)

At At At
+ (ZEW + lkat) (Eﬁ Vm) (cos 8 + isin 0)}

At At
=1/ {2E—2(1—cos 0) + V—isin 0-kAt + 1]
(18a)

The results show |A|? < 1. It indicates that the solution of
the implicit method is unconditionally stable. Therefore,
through analyzing the stability of equation (12a) and (13a),
it is can conclude that the solution of the implicit method
will be more accuracate than explicit method in the water
quality diffusion equation.

Application the explicit, ADI and Barakat-Clark methods
Two-dimensional water quality modeling The two-
dimensional water quality modeling is represented as
follows:

aC aC aC _ _ ¥PC a2
=+ Vieo+ Vazo = Eiog + Ea o5 -kC

ot ax ay  laxz T %y (192)
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As it shows, this model is a second-order Partial
Differential Equation (PDE). It will be solved using
explicit, ADI and Barakat-Clark methods. The finite differ-
ence equation can substituted in the PDE as follows:

ijl_cfg % Cf-%—l/ Cl 1,1+ Cf/+1 Cf/ 1
At/2 ' oAX 20Y
1Cf+1/ 2C +CL 1 Cl}+1 2C +Cz/ l_kC[
(AX)2 (AY)?
(20a)

Solution of explicit, ADI and Barakat-Clark methods
Firstly, equation (20a) is solved by the explicit method.
While AX is equal to AY, the equation (20a) can be re-
written as:

At At
Ciy= (51m+ Vi m) Chj

At At kAt
1-E) ———5-Ey——-— | C.
+( ToAX? T 2AX? 2> i
At At
i (El ane V! 4AX> Cons 1)
At VA
* <E2 a2 4AX) Cija
At VAW
*(Ezm‘vzm> Cijn

Secondly, equation (20a) is solved by the ADI method, a
two stage time method. At this point, each time step size
will be divided into two steps for calculation. The first
stage uses a half of step from # to # **/? for calculating the
result; thus the equation (21a) can be written as:

At At I+1/2 At I+1/2
(V24AX+E2 AX)CL” R )G

At At At At
+ (vz -E ) cil= (v1 4+ E ) Cly;

N EING 4AX 2AX?

At kAE\ At At

*(1‘51 W‘T) Coy T (El DN m) Cirnj
(22a)

the second step use anther step size from #* /% to ¢ for
calculating; the equation (21a) can be written as,

C5+1—Cl+1/2 Cfii]_cfrll] LV Ci;i{Z_ijlfz
At/2 T AX 2AY
I+1 1+1 I+1
—E, Ctil/_zc St Cl+l]
(AX)*
I+1/2 I+1/2 I+1/2

Cl'.j+{ 2C o + Cl] 1/ J+1
VE, —kCl
(AY) b

(23a)
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While AX is equal to AY, the equation (23a) can be

re-written as,
At - At KA\ 4,
_(EIZAX2+V14AX)C’ ut M Rpe )%

At At At At
_(El—_ L )Cl“ _ (E 1V, )le‘l/z

2AX? 4AX ) T 20X2 4AX ) Tt

At \ 12 At At \ 112

+(1 B AX2>C "+ (BaaeV2aax)Cin
(24a)

Lastly, equation (20a) is solved using the Barakat-Clark
method. According the H. Z. Barakat, the solution of (19a)
can be written as (25a) and (25b),

n+1 n n n n n
ij _Mi,j+ v Mi+1,j_ui,j+ v Ujjp1—Uij
1 2
At AX AY

n n n+1 n+1
Upprj~Ui=Uij +u 1)

AX?

n+1 n+1

ij + ul] 1 —ku"

2 ij
AY

n n
Uijr1~Wij~u

+E;
(25a)

nt+l_n A _ n n
Vi Vij Vi1 Yij~Vij-1
+ Vi +V,

At AX AY

7+1 n+1
—F l}i+17j Vl} _V +Vl 1
- AXE
n+1 n+1
Vi Vg TV,
—|—E2 er .
AY? Y

(25b)
While AX is equal to AY, the equations (25a) and
(25b) can be re-written as,

., At
wiit = {(Vl +Vy)— X —kAt + 1)

At At At At
+<E‘W7V‘ AX) Uitrj T <E2 AXz*"Zg)“ﬁm

Al "*1}/[1 + (E+Ez)%}

AXZ l] 1
(26a)

At
—(E1 +Ey)— AX2

At n+1
+E1AX2 L+ By s

At At
Vit = { (Vi+ Vi) ——~(E +52)AX

AX
At At At AN,
+<E1 e AX> v <E2 e AX) Y

+ B L ”“]/[1+(E1+E2) At]

at 1)

AX2 t/+1 AX
(26b)

At
+E AX2 H»l]

The concentration C;; of equation (19a) at any time
level (n + 1) may be given as,

it = (w4 vt 2 (27a)
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Stability analysis of the explicit, ADI and Barakat-Clark methods
According to the above Fourier stability analysis, the solu-
tion of the explicit method (21a) is unstable. For a solution
using the ADI method, let C]l. = ule’ and substitute it into

the equation (24a). This results in:

At At At
p= (V2 4~AX E m) (COS 6—isin 9) + (1 + E2 K)
At
(Vz 2AX -E; 2AX2) (cos 8 + isin 0)
At At
=K 2(1—c050)+1+V2mtsm6
(28a)
At At . At kAt
q= (E1 N + Vi m) (cos O-isin 6) + <1—E1 W_T)
At At »
(E1 INE -V 4AX> (cos O + isin 6)
At At kAt
=-E;——(1- —— 1-—
1 (X2 (1-cos 6)-V, TN isin @+ 3
(28b)

When the amplification factor A\ IS equal to A =4

s=1-cos 6,0¢€][0,2] the equations of (28a) and (28b) can
be written as:

A 14+ V22 ising (30a)
= S ——isin a
r=Eya 29AX
At At kAt
q:—E12 55— V12 151n9+1—7 (30b)

By considering |¢|* < |p|?, it is concluded that the so-
lution of the ADI method is stable. The solution stabil-
ity of the Barakat-Clark method is unconditionally
stable because it has been proven by J. A. Clark and
H. Z. Barakat (1966).

A case study

The experimental data of 10 groups are showed in the
following table for the least squares method. It considers
the process which is mentioned in equation (6a) It de-
scribes the least squares method to estimate the initial
value of BOD and other parameters (Table 1).

Here it assumes that the /2 =0.001 and K’; =0.1. The re-
sults show K; =0.3166, Ly=175.5 by going through the
process. The L value is the initial value of BOD. Therefore,
the water quality model is L(t) =175.5¢~ 031667 1t g q
one-dimensional BOD model.

Table 1 Experimental data of water samples
Time t (day) 1T 2 3 4 5 6 7 8 9 10
BODy () (mg/L) 50 85 107 125 138 148 155 161 167 170
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Now, let’s use those other numerical methods including:
explicit, implicit, ADI and Barakat-clark to simulate
the degradation of contaminants in a section of stream
systems. Under natural conditions, the initial value of
concentration of pollutants is assumed to be 0 in this
stream section. The inflow from the upstream concen-
tration of contaminants is 150 mg/L. At this point, the
equation (8a) is examined. This river section, it is
1000 m long. The water velocity is 17 m/s. The diffu-
sion rate of pollutants E is 360. The degradation rate of
the pollutant & is 0.15 in this stream. There is a water
quality monitor state in every 200 meters. At the same
time, the concentration of pollution is consider to be 0
mg/L at the end of this river, the data is required by the
downstream management agencies. Under these con-
ditions, the Department of Environmental Protection
wants to know the background concentration of con-
taminants in this river in order to satisfy the require-
ment of those downstream cities. Therefore, by using
simulation methods, the concentration of pollutants is
estimated using the following methods.

The simulation of explicit method
The water quality modeling can be re-written as a standard
form of the explicit method.

At At
I+1 _ l
c! <E—2 Vo >cl1

At
< kAt- 2EAX2 + 1> C

At At
- <E——V )cf+1 (31a)

AX? T 2AX

By substituted the initial value, the solution of equations
is as follow,

A At
E—t—0009 V——00425 kAt = 0.15
AX? 2AX

At At At
E— V— = 0.0515, —kAt- 215— 1
AX? + 20X AX? +
At At
=0.832,F—-V—— =-0.0335
TAX? O 2AX

then,
C} = 0.0515C + 0.832C9-0.0335C) = 7.725

Cj = 0.0515CY + 0.832C9-0.0335C% = 0

C3 = 0.0515C9 + 0.832C3-0.0335C} = 0

C} = 0.0515CY + 0.832C9-0.0335C2 = 0

C} = 0.0515C + 0.832C}-0.0335C) = 14.1522
C5 = 0.0515C; + 0.832C}-0.0335C; = 0.3978
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The simulation of implicit method
Also, the water quality modeling can be re-written as a
standard form of the implicit method.

At At At
-(E=+V CHl 4 (2E—5 + 1+ kAt ) CH!
( Az 2AX> + a2 Tt !

At 111 y
- <EW _VZAX) Cin =G

Let substitute the value of initial condition. The equa-
tions of implicit method is as follow,

(32a)

At At At
E—+V—=0.05152E— + 1 + kAt
AX? + 20X T AX? T
At At
=1.168,E— -V ——— = -0.0335
AX 2AX
then
Cl
1.168 0.0335 0 0 1
-0.0515 1.168 0.0335 0 C%
0 -0.0515 1.168 0.0335 Cé
0 0 -0.0515 1.168 1
Cy
7.725
0
- 0
0

then these C%, C%, Cg, Ci values can be obtained by
using above results.

CZ
1.168  0.0335 0 0 L
~0.0515 1.168 00335 0 &
0 -0.0515  1.168  0.0335 | | 2
0 0 -0.0515 1.168 S
C4
7.725 + C}

G

— el

G,

The simulation of Barakat-Clark method
The water quality modeling can be re-written as (33a) to
(33c¢), as follows.

At At
M}'1+1 = |:(V_EA)(2

-kAt +1
, ~ 1 )urs

ALY i AL At At
(1+EAX2) Vet V_ EAX
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it = (w4 vt 2 (33¢)

The parameters are ]:"AX2 = 0.009 VAA—)Q = 0.0815 kAt = 0.15
. For u and v; each parameter can be solved as follows:

At At At At
At+1=0926E—-V—
VAX e —-kAt + 0.926, NG VAX

At
= -0.076,1 +EW = 1.009

| 0.92613-0.076u3 + 0009

ul =1.338
1.009
0.92619-0.07618 + 0.0094}
uh = - #0997 _ 6012
1.009
0.92619-0.07618 + 0.00942
ub = -2 e+ 0997 _ 0001
1.009
0.92649-0.076u2 + 0.009u}
uh = 2t s + 09994 _ 0000008
1.009
0.92619-0.0762 + 0.0094}
1 3 4 2
= = 0.0001
"3 1.009
ul = 0.92613-0.076u4 + 0.009u; _ 0.0001
1.009
0.92619-0.07612 + 0.0094}
u = - s + 0999 _ 4.0000008
1.009
At At At At
1 577100915 =0.009,-V —-E—
+ AX? AX? AX T AX?
At At
kAt +1 = 0.756, -EW—Vﬁ = -0.094
1.009 -0.009 0 0 vl -14.1
0 1.009  -0.009 0 il | o
0 0 1.009 -0.009 | [vi| — | ©
0 0 0 1 vi 0

The simulation of the ADI Method for two-dimensional
water quality modeling

The initial condition of the stream has been given as 50
meters long and 40 meters wide. There is no pollution
at the beginning. The contaminants came from upstream.
This stream section has 4 monitoring points in every 10
meters. The concentrations of pollutants are 150 mg/L at
X direction and 150 mg/L at Y direction. The flow velocity

At At
l+1+EA)(2ulj1:|/l+EA)(2 (333)
At At
~kAt + 1> <EW + V—) vy (33b)
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is 10 m/s in X direction and 5 m/s in Y direction. The dif-
fusion rate of pollutants E; and E, all are equaled to 100.
The degradation rate of the pollutant k is 0.15 in this
stream. The department of EPA wants to know this section’s
water quality every 10 meter long and every 8 meters
wide. Therefore, the simulation methods of pollutants
in two-dimensional water quality are tested as follows:

According to the ADI method, the two-dimensional
water quality equation can be re-written as follows by
considering the first half step as (/=0.5).

At At At
- (vz aay T E2 —) ch (2 +2F, —) chir

AY TAY?) T INGYA
At AN i At At
(VZZAY EZAYZ)Ci’/+1 =\ Vraax TP axz) G
248 l At At
(2 Eia —kAt)C (E W‘Vl AX) cl;
(34a)

wheni=1,j=1,2,3,4

~1.197C0HY* + 3.56CT 1 *-0.363C) 2
=0.75C3, + o.925c°71 + 0.25c2,1

~1.197C3 1 + 3.56C7"/*-0.363CT 5/
= 0.75(:32 + o.925c 0, +0.25CY,

~1.197C5"* + 3.56C1 5/*-0.363CT
=0.75Cg 5 + 0.925C) ; + 0.25C

~1.197C75Y? + 3.56C7 2 -0.363C) £
=0.75C3, +0.925CY, + 0.25c274
There C(l)jl/Z.C(l);l/z, C?;l/z, C?_Zl/z , they can be ob-

tained by above equations. 'Then, it substituted i=2, j=1,
2, 3, 4, the equation (34a) can be written as following,

-1.197C5 5" +3.56C5 1/ ~0.363C5 2
=0.75C% | + 0.9256‘{1 + 0.25(3&1

~1.197C5 1% +3.56C5 5" *-0.363C5 5
=0.75CY, + 0.925C3, + 0.25CY,

~1.197C55"* + 3.56C55/*-0.363C5
=0.75CY 5 +0.925C9 ; + 0.25CY

~1.197C53* +3.56C /> -0.363C5 52
= 0.75C‘1{4 +0.925C9, + 0.25(:3,4

Cg?/z COH/z COH/2 COH/2 they can be obtained by

above equations. Slmllarly, let substitute i =3, 4, and
j=1,2,3,4.
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The second half of the ADI method is based on the
results of the first step. By using i=1, =1, 2, 3, 4, the
equation (34a) can be written as,

-0.0165C; ; + 2.218C},-0.0015C;
= 50. 5c‘j;1/ 2 98c°+1/ ?_49. sc"“/2

-0.0165C7 ; + 2.218C3,-0.0015Cj
= 50.5C051/2 98c°+1/ ?_49. 5c°“/2

-0.0165C; ; + 2.218C3,-0.0015C;
= 50.5C5 "2 -98C5 12 -49.5C3 5!

-0.0165C3, + 2.218C; ;-0.0015C}
= 50.5C5 5> -98C5 1> -49.5C7 5!

These C%,rcé,ncé,pCiJ can be solved using above
equations. Substituting j=1, i=1, 2, 3, 4, the equation
(34a) can be written as,

At AN 20t .
— (El _AX2 + Vi )Cz+1/ (2 + Eq _AX2 + kAt> Cl;r

At At At At N 12
- (El o2 V13 )Clﬁ, = (Ez INCRRE 2AY> Cijt
At \ i1 At At \ 12
+<2—E2 W) Cij "+ Bz =Vagay ) Gt
(34b)
-0.75C; + 3.075C} ;-0.25C; |

= 1.197¢%5% 4 1. 226"“/2 +0.363CT 5"

-0.75Cj ; +3.075C} ;-0.25C3 |
= 1.197¢35% 4 1. 22c°“/2 +0.363C5"°

-0.75C;; + 3.075C} ;-0.25Cy |
= 1.197¢%52 4 1. 22c°“/2 +0.363C5 5"

-0.75C3 ; + 3.075C; ;-0.25C5 |
= 1.197C%52 4+ 1. 22c°“/ 2 1, 363C5 ;"

Let substitute j =2, i =1, 2, 3, 4, the equation (34a) can
be written as,

-0.75Cy, + 3.075C ,-0.25C}
—1. 197c‘1’+11/ 241 22c°+1/ > +0.363C) 5"

-0.75C} , + 3.075C;,-0.25C},
=1. 197c3+11/ ‘41 22c°+1/ > +0.363C55"°

-0.75C3, + 3.075C3,-0.25C}
=1 197C2+11/ 2 +1.22¢35"7 +0.363C5 5
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-0.75C3, +3.075C;,-0.25C}
—1.197¢% 2 4 1. 22C°+1/2 +0.363C5"

Thus, C}‘Z.Cé,Z,C;Z,C}u can be obtained by above
equations. Similarly, the other C value is calculated by
substituting i =3, 4.

The simulation of Barakat-Clark method for two-dimensional
modeling

This model is similar to the one-dimensional water quality
modeling. If it considers the two different directions (x,y).
The group of equations can be written as,

At At At At
ulﬂ:{[(vl—-;- Vy—-E1—-Er—5

—kAE+1
AX AY 'ax? ay? +)

¢ At\ ;
<E1AX2 Vlﬁ)”m/ (EzAYZ V2 )i,/+1
At S At e
+E1AX2 l+11+E2AY2 Jl /
At At
1+EIW+E2F

(35a)
in this case, the u values are as follows
= (0.312u(1)?1 +0.25u,, +0.363ul , + 0.5}, + 0.781,4‘0) /2.28

=84.21

ul, = (0.312u‘{~2 + 02509, +0.363u 5 + 0.5u) 5 + 0.7814},1) /2.28

=617

= (0.31214‘;,3 +0.25u 5 + 03631 , + 050}, + 0.7814%,2) /2.28
=54

g = (031260, +0.25u3,, +0.363uf s +0.5ub , +0.78ul ;) /2.28

= 51.37

W, = (0.’&12”31 +0.25u,, +0.363u3,, + 0.5u! | + 0.78u§‘0) /2.28

= 69.783

ul, = (0.312ug~2 + 025, +0.363u); + 0.5u! , + 0.78u§,1> /2.28

= 37.4

= (0.31214393 +0.25u 5 + 03631 , + 0.5u) , + 0.7814%,2) /2.28
— 24.64

b, = (0.312143‘4 +0.25u,, +0.363ud 5 +0.5u! , + 0.7814;3) /2.28

= 19.695
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The rest of u values can be calculated by substituting
i =3, 4.

At AN 1
(1+E1AX2+E2AY2>V+

+ kAt- 1)

At l+1 + E2 At l+1

E AX2 z+l} AY2 11+l

— (i 2 v, B g B A
TAUUAX T TPAY T AXE T TR AY?

At At At At
(Vle+Ele2>"’ o (VZAY EZW)“‘/’*I

(35b)
The v values are calculated by the following process:

0.5v3; + 0.78v] ,-1.022v7 |
=1.022 ,-0.75v) ,-1.197+] ; = -292.05

0.5, +0.78v] 3-1.022v; ,

=1.02210,-0.75v3,-1.1971} ; = -112.5
0.5vy 5 + 0.78v] ,~1.022v; 4
=1.0221] 5-0.75v 5-1.197V) , = -112.5

0.5v5 4 +0.78v] 5-1.022v; ,
=1.022v] ,-0.75v ,-1.197) ; = -112.5

0.5v3, + 0.78v} ,-1.022v; |
=1.02215 ,-0.75%) ;-1.197V) , = -179.55

0.5v}, + 0.78v} ;-1.022v} ,
=1.02215,-0.75%] ,-1.197V | = -112.5

0.5v3 5 + 0.78v} ,~1.022v;
= 1.0221),-0.750 ;- 119743, = 0

0.5v, +0.78v} 5-1.022v; ,
=1.022v9,-0.75%) ,-1.197v5 ; = 0

When these values of u and v were calculated, the final
solution of the Barakart-Clark method can be obtained
by using average value of those two matrixes.

Results and discussion

Figure 1 shows the solutions of explicit, implicit and
Barakat-Clark methods. It proves that the numerical
solution obtained by the Barakat-Clark method approached
the real world process even through the explicit and im-
plicit results are stable in this case. Figure 2 shows the
solutions obtained using the ADI and Barakat-Clark
methods for the 2-D water quality modelling process.
In Figure 2a, it is the results of ADI methods in three
different times. Similarly, Figure 2b shows the results
of the Barakat-Clark method. The ADI method clearly
shows that the results are not as stable as the results of
Barakat-Clark method. In fact, during the final time, the
ADI result is beyond of boundary conditions. However,
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Concentration
Concentration

Concentration

time stepts time steps
Length Segment Length Segment time steps

Figure 1 The results of explicit, implicit and barakat-clark methods for 1-D water quality modeling.

it may have been caused by a large space of x or y. of grid for explicit method. It is obvious to see that the
However, under same steps and space of x and y, the solution of the Barakat-Clark method is more stable, even
Barakat-Clark method obtained the better accuracy results.  though the size of the grid was changed. This is because
The Barakat-Clark method uses less computing time to get  the Barakat-Clark numerical method has been considered
those results. This method has the advantage of solving average values or mean values of implicit and explicit
the three dimensions time-dependent equations which is  data. Therefore, the Barakat-Clark methodology is more
not convenient for ADI method. accurate than others in the case of the water quality
The data results (Tables 2, 3, 4, 5 and 6) of the above  simulation process.

equations show the detailed numerical solutions of the

water quality modelling process. The findings in Table 4 Conclusions

show smoother curves of water quality because of different  In this study, the finite difference numerical methods
method. Although the explicit method obtained stable are applied to the water quality modeling processes.
results in this case, when X value is changed to a smaller ~ They simulate the concentration process of pollutants
value, the results will be extremely unstable. It means  in hydrological systems. As one of the existing numerical
that the stability of the solution is depends on the size  methods, the Barakat-Clark has obtained higher accuracy

150 150

8
g

8
g

Concentration
-0 8

Coneentration
-0

Length Segments in Y direction 66 Length Segments in x direction  Length Segments in Y direction 66 Length Segments in x direction  Length Segments in Y direction € 6 Length Segments in x direction

b

150 150 150

Concentration
-o 8
Concentration

Length Segments in Y 6 6 Length Segments in x Length Segments in Y € 6 Length Segments in x Length Segments in Y 6 6 Length Segments in x

Figure 2 The ADI results of 2-D water quality simulation at begin, middle and final times. The Barakak-Clark results of 2-D water quality
simulation at begin, middle and final times.
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Table 2 Concentration results of pollutants using the
explicit method for 1-D water quality modeling
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Table 3 Concentration results of pollutants using the
implicit method for 1-D water quality modeling

Initial In 200 In 400 In 600 In 800 In 1000 Initial In 200 In 400 In 600 In 800 In 1000
concentration meters meters meters meters meters concentration meters meters meters meters meters
150 0 0 0 0 0 150 0 0 0 0 0
150 7.725 0 0 0 0 150 6.605527 0290887 001281  0.000565 0
150 144303 0397838 0 0 0 150 1224669  0.787725 0.045628  0.002495 0
150 2023717 1.088483  0.020489 0 0 150 1705822 1423646 0.101648 0.006618 0
150 252544 1986332 0.073841 0.001055 0 150 2115694 2146537 0181281  0.01366 0
150 2957928 3.022264 0.166355 0.004719 0 150 2464405 2916286 0.283099 0.024177 0
150 3329857 4141085 0299884 0.012663 0 150 2760703 370248 0404526 0.038536 0
150 3648943 5299292 0473141 0.026436 0 150 3012146 4482505 0.542353  0.056907 0
150 392203 6463141 0682715 0.047313 0 150 322525 5239974 0693113  0.079283 0
150 415517 7606981 0923863 0.076227 0 150 3405628 596343  0.853335 0.105505 0
150 4353705 8711823 1.191119 0.113744 0 150 3558104 6645285 1.019722 0.135292 0
150 4522331 9764117 147874  0.160073 0 150 36.86826 7.280959 1.189259  0.168269 0
150 4665173 10.75472 1.781036  0.215098 0 150 3795349 7868175 1359277 0.204 0
150 4785842 1167799 2092601 0278429 0 150 3886719 8406391 1.527482  0.242008 0
150 488749 1253111 2408467 0349445 0 150 39.63541 8896348 1.691955 0.281801 0
150 49.72862 1331337 2724195 0427354 0 150 4028042 9339706 1.851141 0.322889 0
150 5044344 1402577 3.035924 051124 0 150 40.82121 9738758 2003824  0.3648 0
150 51.04005 146705 3.340382 0.600106 0 150 41.27396 1009621 2.149094 0407088 0
150 515363 1525066 3.634879 0.692922 0 150 41.65245 10415 2286313 0449343 0
150 5194761 1576992 3917271 0.788652 0 150 4196837 1069817 241508 0491198 0
150 5228723 1623236 4.185922  0.88629 0 150 4223167 1094878 2535196  0.53233 0
150 5256653 1664226 4439657 0.984874 0 150 4245075  11.1698 264663 0572458 0
150 5279524 1700393 4677705 1.083513 0 150 4263275 1136411 2749488 061135 0
150 5298163 1732166 4.899652 1.181391 0 150 42.78369 1153442 2843985 0.648814 0
150 5313278 17.59962 5.105387 127778 0 150 4290865 1168326 2930424 0684701 0
150 5325467 1784177 5295051 137204 0 150 4301191 1181298 3.009169 0.718899 0
150 5335235 1805189 5468992 1463626 0 150 43.09709 1192575 3.08063 0751328 0
150 534301 18.23348 5627726  1.552081 0 150 4316721 1202354 3.145246 0.781942 0
150 5349151 1838978 5.771896 1.637034 0 150 4322482 1210814 3203473 081072 0
150 5353957 1852378 5902238 1.718198 0 150 4327204 1218115 3255771 0.837664 0

results with stability than the other methods. By compar-
ing the solution of Barakat-Clark method with the other
numerical methods, its results better reflect the reality of
the simulation without oversimplify solving the process.
The water quality modeling process, which estimates the
real world conditions, can be effectively solved by means
of the Barakat-Clark method. It enables the managers of
water authorities to know the concentration of pollution
in surface water systems and to conveniently use those so-
lutions as a reference in their hydrological systems. Conse-
quently, the accurate of water quality simulation processes
can be enhanced. The results of the case study indicates
that the solution of Barakat-Clark method has proved that

this method is better by comparison than the others
for water quality modeling. Solutions of the numerical
method actually reflect a compromise between the finite
difference method and requirement of accuracy.

In the real world, administrators of water management
agencies are paying a high price for water quality to
guarantee the safe conditions of environmental water.
This means that authorities desire to accurate monitor-
ing data to determine the stream or river situations.
This may cause a higher economic cost. However, simu-
lation values of water quality are reliable within the
Barakat-Clark method. Its advantages have been clearly
shown in the above case study. It shows that the results
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Table 4 Concentration results of pollutants using the
Barakat-Clark method for 1-D water quality modeling
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Table 6 Results of Barakat-Clark method for 2-D water
quality modeling in final time (x/y direction)

Initial In 200 In 400 In 600 In 800 In 1000 Initial In 200 In 400 In 600 In 800 In 1000
concentration meters meters meters meters meters concentration meters meters meters meters meters
150 0 0 0 0 0 150 150 150 150 150 150
150 375 1682825 7971279 3.775869 0 150 1198325 1271802 1251696 101.3011 0
150 5248305 3193705 1866957 1053269 0 150 107.2249 1101196 104.7594  77.7571 0
150 60.00174 4199309  28.2431 18.08965 0 150 101.0918  99.1784 90.7855 644765 0
150 63.00452 4805255 3537834 2485119 0 150 97.8035 924481 81.7728 564511 0
150 64.50276 5140358 40.16946 30.14466 0 150 0 0 0 0 0
150 65.10873  53.22341 4316784 339338 0
150 654055 5416237 4495798 3647639 0
150 6552848 5464781 4598663 3810145 0 of the Barakat-Clark method is more reliable and more
150 65587 5488959 4656245 39101 0 accurate with process stability. On the other hand,
other numerical methods such as ADI method produced a
150 6561204 5501092 4687698 39.69728 0 . .
different results under same circumstances. Therefore, the
150 0562356 5507013 4704599 4004403 0 Barakat-Clark method can be considered as a better finite
150 6562865 5509924  47.13527 4024148 0 method in the 2-D water modeling system, and this paper
150 6563092 55.11326  47.18191 4035188 0 is the first attempt to compare the Barakat-Clark 2-D
150 65.63195 5512005 4720596 4041268 0 method with other multiple numerical algorithms in the
150 656324 5512300 4721827 404457 0 vYater .qu?hty rflodellng process. From the above applica-
150 56361 5519484 4700451 4046343 0 tions, it is obvious that the Barakat-Clark method shares
‘ ' ' ‘ higher stability results with the same environmental condi-
150 056327 5512538 4722765 4047285 0 tions. However, in this study, the boundary conditions have
150 6563274 5512592 47.22922 4047781 0 been pre-defined. Therefore, further studies of this method
150 6563276 5512609 4723 404804 0 have to correspond to the variation of boundary conditions
150 65.63277 5512617 4723038 4048174 0 in real world. Flnally, this the 2-D Barakat-Clark method
150 6563277 551262 4723057 4048243 0 well reﬂeFts the accuracy of simulation process., and thus‘, it
can provide an exact reference for water quality modeling
150 65.63278 55.12622 4723067 4048278 0 . .
in hydrological systems.
150 65.63278 55.12623 47.23071 4048296 0
150 6563278 5512623 47.23073 4048305 0 Competing interests
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